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Abstract

An algorithm is said to be correctif for every input data that
satisfies some conditions-called the precondition of the
algorithm, the output data satisfy a certain predefined
condition-called the post condition of the algorithm. A
graph algorithm depends upon number of nodes and edges
in a graph and inter/intra relationship between these two
features. In this paper an approach based on incremental
induction on edge or on node or on both is described to
mathematically prove or disprove the correctness of a
graph algorithm. This is required in view of the complex
nature of graph theory world and changing properties of
graph with changes in the number of nodes, edges and their
relations in the graph.
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1. Introduction

While teaching and learning a graph algorithm, it is felt that
proper way of proving its correctness is essentially required. In
most of the paper/text more emphasis is given on computing
complexity [2, 7, 19] of an algorithm rather than on proving
correctness of the graph algorithm. An algorithm is any well
defined computational procedure that takes set of values as
input and produces some set of values as output [8]. An
algorithm consists of explicit and unambiguous finite steps
which when carried out for a given set of initial conditions,
produces the corresponding output and terminates in a finite
time [12]. An algorithm is said to be correct if for every input
instance, it halts with correct output [8]. The proof of correctness
of an algorithm has two parts:

* TPartial correctness: If the algorithm terminates then it will
give the right result (the result will satisfy the post
condition).

e  Termination: Proof that the algorithm terminates.

An algorithm contains one or more of the constructs like:
sequential, conditional, loops and recursive [16]. There are
algorithms for finding shortest path [3, 6, 11], minimum

*Scientist ‘E’, NIC, Lodhi Road, New Delhi, India



102

spanning tree [1, 17] graph connectivity, graph traversal besides
other problems in a graph. Some of the algorithms are greedy
and some are based on dynamic programming concept [14].
Graph algorithms are also developed to determine whether a
graph is planar, whether it is Hamiltonian [5, 10, 20, 21], whether
itis an Euler graph and to determine others such characteristics.
Graph algorithms are designed and implemented either
iteratively or recursively or in both ways. A graph has two basic
components: node and edge. Invariably, all graph algorithms are
designed in terms of either edge or node or both.

Proving correctness of an algorithm is not similar to program

verification. Program verification usually refers to a formal proof

that examines the actual code implementing some algorithm in a

step-like fashion and shows that the program actually achieves

the goal. Whereas proving correctness of algorithm implies that

the algorithm terminates and when it terminates it produces

correct output for a given input [1, 13]. A predicate that describes

the initial state before execution of an algorithm is called pre-

condition of the algorithm. Similarly a predicate that describes

the final state after execution of the algorithm is called post-

condition of the algorithm. Our endeavor is to formulate a

process to determine the followings from a graph algorithm:

i)  Preconditions of the algorithm

ii) Postconditions of the algorithm

iii) Termination condition

iv) Progress conditions and updating of states that leads to
termination of algorithms and intermediate states that lead
to post conditions

And then to prove finally that algorithm terminates and when it
terminates the post condition of the algorithm is well satisfied
given that precondition was satisfied.

In this paper, an approach is presented to prove the correctness
of a graph algorithm. The paper is organized is five sections.
Section 2 describes method to formulate problem. How to
convert the given algorithm in algebraic equations is described in
Section 3 with an example. In Section 4, the process of proving
correctness of algorithm is mentioned. The paper is concluded in
Section 5.

2. Problem Formulation

Let G = (V, E) be a graph where V is set of nodes and E is set of
edgesin the G and P(G) be a graph problem and Algo(P(G)) be an
algorithm to solve the problem. The Algo(P(G)) may be sliced
into sequential parts as shown in the Figure 1(a). A sequential
part may be a single assignment, a loop, or it may be a condition
as shown in the Figure 1(a), (b) and (c) respectively. A graph
algorithm may consist of some functions (or subroutines). A
function may be recursive. Control flow corresponding to a
simple function call and for a recursive function is shown in the
Figure2 (a) and (b) respectively.
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Fig. 1: (a) Sequential Slicing (b) Loop (c) Condition

An algorithm is said to be correct if it can be proved that if the
pre-conditionis true, the post-condition mustbe truei.e.
Pre-condition [ Post-condition

Assignment operations (statements) are fairly straightforward to
deal with. Number of statements in a sequential slicing is always
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finite; therefore the proof is carried out at each statement in that
order. A conditional statement facilitates selection of one
segments out of two segments (if...else) or out of multiple
segments (switch). The correctness of conditional statement
depends on the ‘Guard G’, as shown in the Figure 1(c) and on
success or failure of the execution of individual statement as
control flows automatically to next statement in the sequence.
The case of a loop, however, is different. In this case we write a
loop invariant that captures the purpose of the loop. A loop
invariant, say I(n), is an end predicate where the variable, n,
represents the number of times the loop hasiterated.

We consider a ‘while” loop with pre-condition, post-condition

and a guard G as shown in the Figure 1(b). To prove that the loop

is “correct”, we do the followings[1, 8, 12]:

e Writealoop invariant I(n) that willbe true after n iterations
of theloop.

*  Prove that the pre-condition implies the loop invariant I(0).
We refer1(0) as basis step.

e Provethatl(k) I(k+1)i.e. whenI(K)and guard G are true
thenI(k+1)is true. This step we refer as inductive step.

* Prove that Guard G eventually becomes false and loop
terminates.

e If the loop iterates for a maximum of n times, then I(n)
implies post-condition.

A ‘repeat until’ kind of loop may also be translated in this form.
Many graph algorithms are developed in recursive form [4]. A
recursive algorithm is proved correct using mathematical
induction. In many cases strong induction is not needed, all we
needed was correctness for k in order to prove correctness for
k+1. But the case of graph is somehow different. A graph G may
possess a property with n nodes and m edges, but it may not
possess the same property when either n or m or both changes.
Therefore, in case of a graph, we need strong induction [9, 11].
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Figure 2: Depicts control flow in (a) Non recursive
function (b) recursive function call

Before proceeding to construct proof for a graph algorithm, it is
essential to translate the respective sections: assignment,
condition, loop, function both explicit and recursive part into
corresponding algebraic equations and / or propositions. It is
discussed in the following section.

3. Algorithm to Algebraic Equation

In order to prove the correctness of graph algorithm, we translate
the algorithm to mathematical / propositional relations. Let Algo
(P(G)) be the algorithm ArticPointDFS (Vertex v) to find
articulation point, if any, in a connected graph G(V, E). This
example is taken to illustrate the working of the concepts that has
been formulated. Vertex and node are synonymous.

An articulation point is a node [1, 15] whose removal makes the
graph disconnected. An articulation point in the graph G can be
determined by using Depth-First Search (DFS) method [1]. In a
DEFS tree of an undirected graph, a node u is an articulation point,
if for every child v of u there is no back edge from v to a node
higher in the DFS tree than u. That is, every node in the decedent
tree of u has no way to visit other nodes in the graph without
passing through the node 1, which is the articulation point. Thus,
for each node in DFS traversal, we calculate dfsnum (v) and LOW
(v) [1]. LOW(v) is the lowest dfsnum of any vertex that is either in
the DFS sub-tree rooted at v or connected to a vertex in that sub-
tree by a back edge. The Artic Point DFS (Vertex v) is a recursive
algorithm. Then, in DFS, if there are no more nodes to visit, we
back up and update the values of LOW as we return from each
recursive call. The algorithm also determines any biconnected
component, if any, in the graph. A biconnected component in a
graph is defined as the sub-graph which is a connected sub-
graph withno articulation points.

When we process an edge (u, X) - either by a recursive call on
vertex x from vertex u, or (u, x) is back edge, we push that edge to
a stack. Later, if we identify u as an articulation point, then all
edges from the top of the stack down to (u, x) are the edges of one
biconnected component. So, we pop edges out of the stack until
the top of the stack is (u, x). Those edges belong to a biconnected
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component. The pseudo code of the algorithm is given below.
Global variables like v.dfslevel, v.numChildren and low value of
thenodes are initialised to O for all vertices v.

3.1 Algorithm: Findingarticulation pointina graph G.

1. Globalinitialization: v.dfsnum :=-1 forall v.

2. dfsCounter:=1

ArticPointDFS (Vertex v) {

v.dfsnum :=dfsCounter++

v.low:=v.dfsnum

for eachedge (v, x) do {

if (x.dfsnum ==-1) thendo{ // xis unvisited

x.dfslevel :=v.dfslevel + 1

v.numChildren++

stack.push_edge (v, x)/ /add this edge to the stack

0. ArticPointDFS (x) / /recursively perform DFS at

childrennodes

11. v.low :=min(v.low, x.low)

12. if (v.dfsnum==1) then do{// Special Case for root
// Rootis anarticulation point iff there are two or
more children

13. if (v.numChildren >=2) then articPointList.add (v)
/ / Retrieve all edges in abiconnected component

14. while (stack.top != (v, x))
becEdgeList.add (stack.pop)

} //end of ifinline 12

15. elsef

16. if (x.low >=v.dfsnum) then do{

// visartic. point seperating x. Children of v cannot
// climb higher than v without passing through v.

17. articPointList.add (v)

/ / Retrieve all edges in abiconnected component

18. while (stack.top != (v, X))
becEdgelList.add (stack.pop)

} //end of if in Line 16
} //end of elsein Line 15
} // end ofifin Line 6
19. elseif (x.dfslevel < v.dfslevel - 1) then do {
// xisatalower level than the level of v's parent,
// equiv. (v,x)isabackedge
20. v.ow :=min(v.low, x.dfsnum)
// add theback edge to the stack
21. stack.push_edge (v,x)
} // end ofifinline 19
} // end of for eachinline 5
} // end of function in

2O ®NS G R W

The algorithm consists of ‘for” loop in line 5, ‘while” loop in line
14,18, “if ... else’ in lines 6, 12, 15, 16 and 19, recursive call of the
function Artic Point DFS () in line 10 and assignment statements
elsewhere. The algorithm also includes function calls atline 9, 11,
13, 14, 17, 18, 20 and 21. Let us first coverts the assignment
statements into corresponding algebraic equations.

3.2 Assignment

Let number of nodes in graph G be N. Equations corresponding
toinitialization atline 1 and 2 are givenin (1) and (2) respectively.
v.dfsnum=-1forj=1,2,...N ... (1)
dfsCounter=1 .. (2)
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Assignment in line 3 has two parts: one is initialization and other
is increment in that order. Therefore the corresponding
equations are given in equations (3) and (4). The assignment in
line 4 is converted into equation (5).

v.dfsnum=dfsCounter ... 3)
dfsCounter=dfsCounter+1 ... 4)
v.low=v.dfsnum L (5)

Equations corresponding to other assignments in lines 7, 8, 11
and 20 are in equations (6,7), (8), (9) and (10) respectively.

v.dfslevel=v.dfslevel ... (6)

v.dfslevel=v.dfslevel+1 ... 7)

vi,numChildren=v.numChildren+1 ... (8)

vJlow=a L 9)

vJow=b . (10)
If Thenelse

Now while dealing with if-else structures, let us see how this
structure works. Consider a statement of the form
S = if <condition> then B,
Let p, denotes the part of the algorithm appearing before S, and q,
denotes the part of the algorithm appearing after S. The
following rule will be applicable:
(p, /\ condition) {B,} q,

It implies, “if p, and the <condition> are true when B, starts and
B, terminates, and when B, terminates then q, is true.” And, if p, is
true and the condition is false, then q, is true (doesn't rely on B,)
ie.

(p, /\ ~condition} = q,
Therefore,
P IS} Qi e 11

For example “if a <b thenb:=a" is correct with initial assertion p,
="T" (true) and final assertion q, = "b < a". Further, let us see
how to deal with “if-then-else’. Suppose Sis of the form
S =if <condition> then B, else B,
Then we have,

(p, /\ condition) {B,} q,

(p, /\ ~condition) {B,} q,
Therefore,

2 (] e PR (12)

In the given algorithm, ‘if ... then ... inline 6 and its “else ... in line
19 is modeled as per equation (12). Similarly, ‘if ... then ...” in line
12 andits ‘else...”inline 15 is modeled as per equation (12). The ‘if
... then ... in line 16 and 19 are modeled as per equation (11). In
any algorithmic design another important constructis ‘loop’. Let
us see how we deal with loop, while proving correctness of
algorithm.
Loop Invariant

Consider a statement of the form
S =while <condition> B,
Aloop invariantis a statement p; that remains true each time B, is
executedi.e.

(p; /\ condition){B,Jp; ..ccceeue. (13)
is true. It is a Hoare triple. A Hoare triple has three parts, a
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precondition P, a program statement or series of statements S,
and a post condition Q. It's usually written in the form

{P}S{Q}

The meaning is "if P is true before S is executed, and if the
execution of S terminates, then Q is true afterwards". Note that
the triple does not assert that S will terminate. It requires a
separate proof. Let us consider a simple algorithm of computing
factorial of a positive integer as an example to better understand
the concept of loop invariant before actually using this for
proving correctness of a graph algorithm.
i=1
factorial :=1
while (i<n)do
=i+l
factorial := factorial*i
end while

In the above algorithm, "condition"is "i <n" and B, consists of the
body of the loop {i := i+1; factorial := factorial*i} and loop
invariant p3 is "(factorial = i! and i <= n)". Thus the following
Hoare tripleis true.

((factorial =i'andi<=n) /\ (i<n))
{i:=i+1; factorial := factorial*i}
(factorial =i'and i<=n)

In the given algorithm, the ‘for” loop of lines 5 and while loops in
line 14, 18 are modeled as per the Hoare triple in equation (12).
Now let us see how to deal with function call in an algorithm
while proving its correctness.

3.3 Subprograms
Suppose program S consists of subprogram S; followed by
another subprogram§,, denoted S=S; S, and p, q, r be predicates
then the situation can be modeled as

piStq
Which implies that if p is true when §; starts and S, terminates,
and when S, terminates then q is true and

qiStr
implying that if q is true when S, starts and S, terminates, and
when S, terminates then r is true. Combining these two
formulations, we get

piSIt (14)

which indicates that if p is true when S starts and S terminates,
and when S terminates then r is true. The function calls at line 9,
11, 13, 14, 17, 18, 20 and 21 are modeled according to equation
(14). There is one recursive function call at line number 10.
Correctness proof of a recursive function is handled differently.
Letus deal with this situation in the following subsection.

3.4 Recursive Subprograms

Correctness of a recursive algorithm is proved using
mathematical induction. In a graph, induction is applied either
on number of nodes or on the number of edges. The
methodology is used to show that a recursive sub-program is
partially correct and it terminates. Let us consider a simple
recursive algorithm of computinga”.

procedure power (a:nonzero real, n: nonnegative int)
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{
if (n=0) thenreturn1
elsereturna*power(a;n-1)

)

Let P(n) be “for all nonzero real numbers a, power(a; n) correctly
computes a"”. Using mathematical induction on n, it can be
shown that the algorithm is correct forn 0i.e. P(n)is true foralln

0. In the basis step, if n = 0, the first step of the algorithm tells us
that a’ =1. And therefore P(0) is true because a’ = 1 for every
nonzero real number a. In inductive step, when P(k) is true i.e.
power (a; k) = a*, then power (a; k + 1) =a* power (a; k) = a"ie.
P(k+1) is true. Finally, the algorithm terminates because for any
non negative integer n, successive decrement by 1 leads to zero—
the terminating condition of the algorithm. Therefore the
algorithm is correct.

In general, the progress of algorithm is simulated through
inductive step which helps in proving partial correctness of the
algorithm. And basis step helps in proving that ultimately
recursive algorithm terminates. In the following section, a
method for construction of prove is formulated.

4. Construction of Proof

Assignment statements are fairly straightforward to deal with.
While proving the correctness, bind the variable with values so
that preconditions and post-conditions are clearly highlighted
and visualized. Continuing with the example taken in the paper,
equation (1) and (2) perform the global initialization. This is the
pre-condition of the algorithm wherein dfsnum (depth first
number) of all nodes in graph is assigned value —1. It means, all
nodes in the graph are unvisited and dfsCounter (depth first
counter) is equal to one. Also v.dfslevel, v.numChildren and low
value of all thenodes are initialised to 0. Therefore, preconditions
of the algorithm are:

v.dfsnum= —1forj=1,2,....Nand

dfsCounter=1

v.low =0

v,numChildren=0

v,dfslevel =0

Besides the list of biconnected component (bccEdgeList), list of
articulation point (articPointList) and stack containing tree edges
are empty in the precondition.

The post conditions of the algorithm are:
v,.dfsnum = Order in which the nodes are visited starting from
the firstnodev1,
dfsCounter =N+1, where N is the number of nodes in graph G,
v,low = Number of edges required to reach thenode from
rootnode,
v,numChildren = Number of nodes atnext dfslevel,
v,dfslevel = Level at which thenode s from the root node.
Level of rootnodeis0,
The becEdgeList contains biconnected component, if any, of the
graph. The articPointList contains all the articulation points, if
any, in the graph. And the stack is again empty in the post
condition. To illustrate the working of process, we have taken a
graph, which and its corresponding DFS tree is shown in the
Figure 3 (a) and (b) respectively. The corresponding post
conditions are listed in the Table 1.
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First, convert assignment statements into atomic propositions.
Similarly, a function call is converted into atomic proposition
because the correctness of the algorithm of that function is
proved elsewhere and itis assumed that the function being called
is tested and works well whenever it is called with suitable
parameters. Let p represents assignment statement in line 1 and
2,grepresent thatin 3 & 4, r represents thatin7 & 8 and s isatomic
propositions for assignment statement in 11 and 20. Let S,, S,, S,
and S, be propositions representing functions stack.push_edge
(v, x), min (v.low, x.low), articPointList.add(v) and
becEdgeListadd(stack.pop) respectively. After successful
execution of a function, control returns to the calling function.
Let the situation be represented by the proposition T. Further, let
S be the proposition for the function ArticPointDFS(). Now, as
per equation (14), we can write propositions to prove correctness
ofS,, S, S,and S, respectively as follows.

r{S}T

rS{S)}s
(T~ (v.numChildren >=2)) {S,} T, for function call atline 13 and
T (xlow >=v.dfsnum)) {S,} T, for function call atline 17
((Stack not empty) ~ (Partial list of edges of biconnected
component) ~ (stack.top != (v, x))) {S,} (A list of edges of
biconnected Component) T

These propositions are to prove correctness of functions call at
lines 9, 11, 13, 14, 17, 18, 20 and 21. Let S, S,, S,, S, and S, be
propositions for‘if ... then ... else” atline 6,12, 15, 16 and 19. Then
these propositions can be written as follows.

S, (TN (x.dfsnum==-1)){Line7toLine 18} T
(T A (x.dfsnum == -1) N (x.dfslevel < v.dfslevel - 1)) {Line 20 to
Line21} T

The second part of S5 also includes the “if ... then” statement of
line19i.e.S,.

Se (TN (v.dfsnum==1)){Line13toLine 14} T

(TA (v.dfsnum ==1) A (x.low >=v.dfsnum)) {Line 17 to Line 18} T
The second part of S, also includes the “if ... then’ statement of
linel6i.e.S,.

Truthiness of propositions S, to S, ensures correctness of
corresponding parts of the algorithm. A ‘for’ and a ‘while” loop
iterates as long as the condition is true. The correctness is proved
using the concept of loop invariant. The loop invariant for while
loop at line no. 14 and 18 is given in the expression outlined for
proposition S4 above in this section. The loop invariant for ‘for’
loop in the ensuing example is derived according to the concept
outlined in the Section 3. Let number of nodes adjacent to node v
be m and number of visited nodes at a time before completion of
loop be k, then ‘loop invariant’, condition and body of the “for’
loop atline 5 are as follow:

Loopinvariant:
((number of visited node=k) (k <=m))

Condition: (k<m))

Body: {Line 6 to Line 21}

Thus the Hoare triple for the ‘for” loop is

((number of visited node =k) * (k <=m)  (k <m))
{Line 6 to Line 21}

((number of visited node=m) " (k<=m) ....... (15)
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Fig. 3: (a) A connected graph
(b) DES tree of the graph in

Here truthiness of this Hoare Triple ensures the correctness of
‘for” loop. Now, the correctness of the recursive function
ArticPointDFS() needs to be proved. The function is recursively
called in line 10. Let A(n) be “for a connected graph G with n
vertices, ArticPointDFS() correctly produces outputs similar to
thatin table 1 and finds all biconnected components, if any”.

Table 1: Showing values assigned to
nodes in DFS tree of graph in figure 3 (a)

Sl. | Node | Dfsnum | dfslevel | low_ No. of Articulation

No. value | Children Point

1. A 1 0 1 1

2. B 2 1 2(1) | 2 B is an
articulation
point and (B,
D), (D, E), (E,
F), (F, B) is a
biconnected
component.

3. C 10 2 10(1)| 0

4. D 3 2 32 |1

5. E 4 3 42 | 2 E is an
articulation
point and (E,
G) is a
biconnected
component.

6. F 9 4 912 | 0

7. G 5 4 5 1 G is an
articulation
point and (G,
H), (G, ), (H,
D, G D, &)
is a biconnected
component.

8. H 8 7 8(5) | 0

9. I 7 6 706) |1

10 J 6 5 6(5) |1
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Here, we use incremental induction to prove the correctness of
this algorithm. A(1) is trivially true. Let A(k) be true i.e.
ArtticPointDFS() works correctly for for a connected graph with
k nodes. Let x be new node in A(k+1). G is a connected graph,
therefore x is adjacent to at least one node, say u. Thus (u, x) is an
edge and therefore for loop at line 5, iterates for one more time.
Since x is unvisited, ‘if’ statement at line 6 will be true and
ArtticPointDFS() will be called for node x. Statements at line 7, 8,
9,10, 3 and 4 are execute in that order on node x. ArtticPointDFS()
terminates because there will be no unvisited node left in the
graph G. Propositions S, to S, are true and hence post conditions
of the algorithm are satisfied. It is now proved that the post-
condition is true whenever the algorithm terminates, therefore
the algorithm is partially correct. Finally, let us prove that the
algorithm terminates. Termination of ‘while” loops are explained
earlier while explaining S,. Termination of algorithm depends on
(i) termination of recursion and (ii) termination of for loop. As
explained in Hoare triple in equation (15), for loop terminates.
Once all the nodes in a graph is visited, there is no recursive call
of ArtticPointDFS() and recursion terminates finally.

5. Gonclusion

The paper describes an approach to prove correctness of a graph
algorithm. The process is based on mathematical concepts. An
algorithm is classified into sections like assignment, conditional
selection (if...else) loop, function call and recursive function. The
concept of recursion is important to many fields of study,
especially when many applications rely on computer software
for data analysis and prediction. Each section is translated into
corresponding algebraic equations or propositional equations.
These equations are then used to prove correctness of a graph
algorithm. The concept can be further extended to both restricted
[1] and unrestricted backtracking.

The approach is useful for teacher and student who want to learn
how to prove an algorithm correct. It is useful in the area of
algorithmic research as well for proving correctness of an
algorithm. The example taken is only for illustrative purpose.
Since an algorithm consists one or more or all of the logical
constructs: sequence, conditional selection, loop, recursive
function, normal function call, the general approach derived is
applicable to any graph algorithm Algo(P(G)).

Further, the method presented in this paper is useful in proving
correctness of greedy algorithm, dynamic programming based
algorithm, recursive and iterative algorithm. Many graph
algorithms are either greedy algorithm or based on dynamic
programming concept. The difference between proving an
algorithm correctand verification is also explained in this paper.

Through years of conveying the concept of correctness proof of
algorithm to students in Computer Science, the authors have
found that learning correctness proof of graph algorithm is
nothing more than the old saying: ‘practice makes perfect’
[Anonymous]. However, just as in most learning environments,
an adequate learning approach is the key to success. The
approach provided in this paper is reflective of one of the goals of
the teaching and learning in which -the faculty frame and
systemically investigate questions related to pre-
condition/post-condition -the conditions under which the
algorithmisbeing investigated [18].
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