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Abstract : This paper presents an ascending hyper-
plane approach for solving the generalized assignment
problem (GAP). The GAP model is first relaxed to
form a transportation model which is easier to handle
than the original model. This relaxed model is then
formulated as a Minimum-Cost Network Flow
Problem (MCNFP) and an efficient network simplex
method applied to solve the relaxed problem. The
optimal solution of the relaxed model gives a lower
bound (LB) to the given GAP. The LB becomes an
optimal solution to the GAP, if all resource constraints
are satisfied. However, if any resource constraint is
not satisfied, that violation is used to determine the
new (LB),  which is greater than the previous one
and hence the ascending hyper-plane approach. These
violated resource constraints in the given GAP model
and are used to modify the MCNFP diagram before
resolving the flow problem. This procedure is
repeated until all resource constraints are satisfied in
the original GAP model. The proposed method is
efficient for the generalized assignment problem.

Keywords : Generalized assignment problem,
Transportation model, Minimum-cost-network flows,
Network algorithm.

Introduction
The generalized assignment problem (GAP) has many
real applications. These include vehicle routing,
resource allocation, supply chain, machine scheduling
and location. The GAP model, like all other NP hard
integer problems, is very difficult to solve using the
available linear programming based algorithms. There
are several exact approaches [4, 5, 6, 9, 13, 14, 15]
for solving the GAP model and their performances
have not been satisfactory. Consequently several
heuristics [1, 2, 8, 11, 12, 17, 18, 19], which give near
optimal solutions have been proposed. In this paper
we propose an efficient exact solution method for
GAP model. In the proposed approach, the given
GAP model is first relaxed into a transportation model
which is easier to handle than the original form. This
is then formulated as a Minimum-Cost Network Flow
Problem (MCNFP) and an efficient network simplex
method [16] applied to obtain an optimal solution. The
optimal solution is used to determine violated
resources constraints in the original GAP model and
these violations are used to modify the MCNFP
diagram before resolving. The concept used here is
similar, but approach is entirely different to that was
used in [7]. The process is repeated until all resource
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constraints are satisfied. The pivots in the network
simplex algorithm involve only simple additions and
subtractions and as result the proposed algorithm is
very efficient for the GAP algorithm.
This paper has been organized in 7 sections. The
mathematical model for the GAP is given in Section
2. Mathematical development of the proposed
algorithm has been presented in Section 3. Steps of
the algorithm are described in Section 4. An illustrative
example is discussed in Section 5. Computational
experiments with the proposed algorithm are
presented in Section 6 and finally the paper is
concluded in Section 7.

The Generalized Assignment Problem
The generalized assignment problem may be
formulated as:

GAPZ Minimize 
m

i

n

j
ijij xc

Subject to ibxr
n

j
iijij  ,

jx
m

i
ij  ,1

0ijx or 1

mi ,...2,1 and nj ,...2,1 (1)

Where

,,...2,1 mi  is a set of agents, ,,...2,1 nj  is a set

of tasks, ijc  is the cost of assigning agent i to task j

and ijr  is the resource needed by agent i to do task j.

The ib  is the resource available to agent i.

Mathematical development
Relaxed form of the generalized assignment
problem
The generalized assignment problem can be relaxed
to become an ordinary transportation problem, which
is easier to handle than the original GAP model, see
Munapo [9].
The restrictive resource constraints in (1) are
expressed as (2),

ibxr
n

j
iijij  ,  (2)

These constraints (2) can be replaced by an inequality
given by (3).

ix
n

j
iij  , (3)

Here  i are integer values to be determined by
solving the knapsack problem (5).
Assuming  i are known, the model (1) becomes a
transportation problem as presented by (4).

relaxedZ Minimize 
m

i

n

j
ijij xc

Subject to ix
n

j
iij  , (4)

jx
m

i
ij  ,1

Where i , is a constant obtained by solving the

knapsack problem given in (5).

i Maximize 
n

j
ijx

Subject to  
n

j
iijij bxr (5)

0ijx or 1

The solution to problem (5) is easy and values of
for each i become known in the transportation model
(4). The optimal solution to (4) has the property that
it gives a lower bound to the GAP model. Thus we
have inequality (6).

relaxedGAP ZZ  (6)

Proof of the inequality (6)
The inequality (6) holds since the constraint

 
n

j
iijij bxr  in model (1) has been replaced by the

relaxed constraint  
n

j
iijx   in model (4). The

assignment constraints,  
m

i
ijx 1  remains the same
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in both models (1) and (4).

For the constraint : 
n

j
iijij bxr , a maximum number

( i ) exists  that can be combined to consume the

resource bi.  Since coefficients are different, not all

combinations will remain feasible. Thus i  is the

maximum number of jobs that can be assigned to

agent i. Therefore the constraint:  
n

j
iijx    is a

relaxed one compared to the constraint (2). For a
minimization problem the optimal solution of (1) will
be greater than or equal to the solution obtained for
the relaxed problem (4). However, if the solution to
(4) is also feasible to (1), it becomes an optimal solution
to the GAP model; otherwise it becomes a lower
bound of the required optimal solution to (1). Thus
the optimal solution to model in (1) can be obtained
by controlled ascending from the optimal solution of
the model (4).

3.2 Solution of the knapsack problem
The optimal solution to the knapsack model (5) can
be easily obtained by arranging the coefficients in

ascending order. i.e. ascending

},...,,{],...,,[ 2121 iniiinii rrrrrr  , where

inii rrr  ...21
. (7)

The i  in this case is the largest nonnegative integer

such that

iiiii rrrb  ...21
(8)

In other words i  is the largest number of variables

whose coefficients can be added in such a way that

the resource ib  is not exceeded. This i  is now the

supply in the relaxed transportation model.
3.3 The transportation model
The transportation problem is shown in Table 1.
Table 1: Transportation problem

1 2 … n Supply
1

11c 12c …
nc1 1

2
21c 22c …

nc2 2
… … … … …
m

1mc 2mc …
mnc m

Demand 1 1 1

The transportation problem presented in Table 1 is
not a balanced model. i.e.:

m

i
i

n  (6)

To balance the transportation problem, a dummy
column is added and the optimal solution can be
efficiently found by using a network simplex method
[16]. A balanced transportation problem is shown in
Table 2.
Table 2: Balanced transportation problem

1 2 … n Dummy Supply
1

11c 12c …
nc1

0
1

2
21c 22c …

nc2
0

2
… … … … … … …
m

1mc 2mc …
mnc 0

m
Demand 1 1 1

ni

m

 )(
1



The optimal solution to the transportation model will
act as a lower bound to the generalized assignment
problem and is usually infeasible to the original GAP
model.

3.4 The transportation problem as an MCNFP
Every balanced transportation problem can be
reformulated as a minimum cost network flow
problem (MCNFP), see [16]. There are several ways
to carry out this representation. In this paper the
relaxed transportation model is reformulated as an
MCNFP by adding two dummy nodes. A dummy
source node (Sso) is introduced on the left and a
dummy sink node (Ssi) on the right of the balanced
transportation network. The m arcs connecting the
source node to the supply nodes have the same costs,
(zero in this case) and their flow limits are

1 2, ,.., m   respectively. The arcs linking the

demand nodes to the sink have the same costs (zeros

also) and capacity limits 1,1,…,1,
m

i
i

n  ,

respectively. The limit
m

i
i

n   comes from the

dummy in Table 2. The reformulation of this
transportation model as a MCNFP is given in Figure
1.
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Figure 1: Transportation model formulated as a
MCNFP problem
Here the two elements associated with each are x[y]
represents that the cost for a unit flow on that arc is
x and the flow limit on that arc is y. If the optimal
solution to the relaxed problem is also feasible to the
resource constraints, it becomes an optimal solution
to the GAP model. However, if it is not feasible, some
modifications are required, discussed in Section 3.5.
3.5 Modification of MCNFP network when
solution of the relaxed problem is infeasible to
the given GAP model
The MCNFP network can be modified when the
solution of the transportation model is infeasible to
the GAP model. The infeasibility arises due to
resource constraint (2), as the transportation model
is independent of the resource constraints. Suppose
a part of an optimal allocation to the MCNFP model
contains basic variables for the row i are given as:

... ... 1ij ik ilx x x                 (7)

When this solution is checked for the resource
constraint (2) of the original GAP model, they may
not be satisfied. For the violated constraints, for
example:

... ...ij ik il rx x x              (8)

Where r  is the given resource value or some

constant. If a total number s of these knapsack
constraints are generated before finding an optimal
solution  then

1, 2,...,r s                   (9)

Only a part of the MCNFP diagram is reconstructed

as shown in Figure 3.

[1]ijc

                                                      …

[1]ikc

                                                     …

[1]ilc

Si

Figure 2: Basic arcs in the MNCFP diagram

[1]ijc            …

0[ ]r [1]ikc

                                                                                …

[1]ilc

Si
iS

Figure 3: Reconstruction in the MNCFP diagram

Where the arc from node Si to node iS  is a dummy

arc and node iS   is a dummy node. With this approach

we only reconstruct the part of the network that is
violated. This is easily done by adding a dummy arc
and a dummy node. The generated knapsack
constraints in a single iteration can be more than one.
Thus more than one part of the network can be
reconstructed in a single iteration. The approach can
result into an algorithm whose flow diagram is given
in Figure 4.
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Relaxed

Reformulate

Solve using network simplex
                                                                                         method to obtain a LB

No

Yes

           GAP Model

Transportation Model

Minimum Cost Network
Flow Problem (MCNFP)

Is LB
feasible to

GAP?

Optimal GAP solution

Reconstruct network using
... ...ij ik il rx x x     

Figure 4: The network algorithm for GAP model
3.6 Optimality and convergence
The reconstruction of the network is exactly the same
as adding knapsack constraints to the original
generalized assignment problem. These knapsack
constraints are generated from the violated GAP
constraints and addition of these knapsacks
constraints does not change the optimal solution to
the GAP model, however, the lower bound gets
improved. Addition of knapsack constraints is
repeated until the current lower bound satisfies the
original GAP model.

LBZ Minimize 
m

i

n

j
ijij xc

Subject to jx
m

i
ij  ,1 (10)

... ...ij ik il rx x x     

0ijx or 1 ij

If the lower bound given by the vth iteration is LBvZ

then

1 2 ... ...LB LB LBv GAPZ Z Z Z    

The optimal solution to the original GAP model is

obtained when LBvZ  satisfies (1), i.e.,

LBv GAPZ Z
3.7 Infeasibility
If the GAP model is infeasible then the total supply

( )
m

i
i

 will not be able to reach the sink. The

restrictions, ... ...ij ik il rx x x       from the

violated constraints will prevent part of the total supply
due to additional resources constraints.

4.0 The network simplex algorithm for the GAP
The GAP can be solved as follows:
Step 1: Relax the GAP and form a transportation
model. Construct an equivalent MCNFP.

Step 2: Use the network simplex algorithm to find
the maximum flow. If the total flow is less than 'n',
go to Step 5, otherwise its represents the lower bound
(LB) for the GAP. If GAP is satisfied, go to Step 4.
Else generate knapsack constraints and go to Step
3.
Step 3: Use the knapsack constraints to reconstruct
the network diagram. Return to Step 2.
Step 4: Conclude that optimal solution has been
obtained.
Step 5: The GAP has no feasible solution.

5.0 Numerical illustration
GAPZ Minimize 11 12 13 14 21 22 23 2417 19 20 60 50 25 10 23x x x x x x x x      

Subject to:

11 12 13 14

21 22 23 24

6 9 6 9 14

3 5 9 7 15

x x x x

x x x x

   

   
(11)

11 21

12 22

13 23

14 24

1

1

1

1

x x

x x

x x

x x

 
 
 

 

(12)

0ijx or1 ij (13)

Associated transportation problem
Rearrange the coefficients in ascending order in (11),
i.e.

{6,6,9,9}

{3,5,7,9}
(12)
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The  values are given by:

6 6 12 14   :
1 2 

3 5 7 15   :
2 3  (13)

The relaxed transportation model is shown in Table
3 and the corresponding balanced model is given in
Table 4.
Table 3: Relaxed transportation model for
numerical illustration

1 2 3 4 Supply

1 17 19 20 60 2

2 50 25 10 23 3

Demand 1 1 1 1

Table 4: Balancing the transportation model
1 2 3 4 5(Dummy) Supply

1 17 19 20 60 0 2

2 50 25 10 23 0 3

Demand 1 1 1 1 (5-4)=1

17[1] 0[1]

 19[1]

                                                  20[1]

                                               60[1] 0[1]

0[2]                  0[1]

0[1]

0[3]                          50[1]

                                                     25[1] 0[1]

 10[1]

23[1] 0[1]

 0[1]

5

D1

S1
D2

D3

S2

-5

D4

D5

Figure 4: Initial iteration - Network Simplex Method
for GAP

Initial lower bound (LB0): 0 11 12 23 2469 : 1LBZ x x x x     ,
x25=1
Real flow is equal to 4, however, this solution is
infeasible to the original GAP constraints (11). The

knapsack constraints 11 12 1x x   since resource

consumed is 15 as against the availability of 14.

Similarly the other constraint is 23 24 1x x   . The

MCNFP model is modified to incorporate these

restrictions as shown in Figure 5.

17[1]  0[1]

                                                             19[1]

0[1]

20[1]

                                               60[1] 0[1]

0[2]                   0[1]

0[1]

0[3]  50[1]

25[1] 0[1]

                                                 10[1] 0[1]

0[1] 23[1]

 0[1]

5

D1

S1
D2

D3

S2

-5

D4

D5

1S

2S

1S

Figure 5: First iteration - Network Simplex Method
for GAP
New lower bound (LB1):

1 11 13 22 2485 : 1LBZ x x x x    
The new lower bound also satisfies the original GAP
constraints given in (11), i.e.,

LB GAPZ Z  85 is the required optimal solution.

Note that 0 1LB LBZ Z  =ZGAP..

6.0 Computational results
Instances were generated for four categories of GAP
benchmark problems and are denoted by B, C, D
and E. The network simplex algorithm proposed in
this paper was compared to the stabilized branch and
cut and price method [13]. Fortran 2003 [3] was used
in coding the two algorithms and running on a DELL
OPTIPLEX 760. Computational results were noted
as shown in Table 5.
Instances where randomly generated in the ranges
given as follows:
6.1 Type B

;5010;255  ijij cr }max4.015)/(6.0{7.0 min
j

ijj
i

i aimnb

},...,2,1,,:min{min mkkccii kjijj 
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6.2 Type C

5010;255  ijij cr and 
j

m

a

i
ijb 8.0

and
6.3 Type D

;111;1001 ijijijij ercr 

1010;8.0   ij
j

m

a

i eb ij

 and ije  is also random number..

6.4 Type E
,10;10/1000,10,ln101  ijijijijijijij eeaceer


j

m

a

i
ijb 8.0 and ije is also random number..

Table 5: Computational results
Problem Type m n Number of binary
variables Stabilized branch and cut and price
algorithm (seconds) Network  algorithm
(seconds)

Problem
Type

m n Number
of

binary
variables

Stabilized
branch and cut

and price
algorithm
(seconds)

Network
algorithm
(seconds)

B 5 100 500 4.05 3.21
B 10 100 1000 21.92 6.27
B 20 100 2000 29.65 5.34
B 5 200 1000 39.23 7.12
B 10 200 2000 37.88 5.55
C 5 100 500 7.12 4.33
C 10 100 1000 8.93 3.41
C 20 100 2000 17.13 5.46
C 5 200 1000 45.31 8.54
C 10 200 2000 97.12 13.27
D 5 100 500 7.91 3.67
D 10 100 1000 20.64 3.43
D 20 100 2000 88.74 13.58
D 5 200 1000 27.13 5.54
D 10 200 2000 130.48 17.22
E 5 100 500 14.96 4.18
E 10 100 1000 9.61 6.42
E 20 100 2000 89.47 17.71
E 5 200 1000 9.53 4.18
E 10 200 2000 95.78 19.95

The computational results show that the network
algorithm proposed in this paper is better than the
stabilized branch and cut and price algorithm for
solving GAP models.
7.0 Conclusions
It may be concluded that the simplex network
algorithm is more efficient than the LP based type of
approaches for the GAP model. Reconstructing the

MCNFP using the violated constraints is an easy step.
The pivots in the network simplex algorithm involve
only additions and subtractions. Parallel processors
can handle violated constraints independently.
Attempts are being made to refine the proposed
network algorithm to its full computational efficiency
level. The computational results show that it is
extremely important to reformulate LPs as MCNFP
if at all possible.
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